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Abstract 
Let n be the group algebra of a finite group over a field, and let 0 be a component of the 
stable Auslander-Reiten quiver of A. We show that if the block containing the modules in 0 is 
not of finite or tame representation type then 0 has tree clas A,. 
1991 Math. Subj. Class.: 16G70, 2OC20 
0. Introduction 
Suppose G is a finite group and K is a field of characteristic p such that p divides the 
order of G; and let n = KG. We are interested in the graph structure of the stable 
Auslander-Reiten quiver r,(n). More generally, the stable Auslander-Reiten quiver is 
an important homological invariant of a finite-dimensional algebra, and it has been 
used for classification problems. 
Let 0 be a component of r,(n), then it was proved by Webb that the tree clas of 
0 is either one of the infinite trees A,, B,, C,, D, or AZ, or else it is A, or one of 
a few Euclidean diagrams [29]. 
One naturally asks where these possibilities occur. Let B be the block of n contain- 
ing the modules in 0. If B is of finite or tame representation type then the tree clas of 
components 0 is completely known. In particular, if 0 is non-periodic and B is of 
tame representation type then the tree clas is not A,. It was also known that a block 
which is not of tame type has many non-periodic components of tree clas A,, see [9]. 
It was conjectured that in case the block is not of finite or tame type, all components 
must have tree clas A,. This is supported by work of Kawata [19], and one might 
also expect it as an analogue of Ringel’s result [27] on hereditary algebras. 
We shall prove the conjecture; our main result is the following. 
Theorem 1. Let A be the group algebra of a jinite group G over a jield K. Assume 0 is 
a component of the stable Auslander-Reiten quiver of A. If 0 belongs to a block which 
is not of jinite or tame representation type then the tree class of 0 is A,. 
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As a consequence we obtain the following characterizations for the representation 
type of blocks in terms of Auslander-Reiten components. 
Theorem 2. Let B be a block of KG and r, = r,(B). Then the following are equivalent: 
(1) r, has a non-periodic component of tree class A,. 
(2) All components of r, have tree-class A,, and there is a non-periodic component. 
(3) B is not of finite or tame representation type. 
(4) The defect groups of B are not cyclic, dihedral, semidihedral or quaternion. 
It is well-known that B is of finite type if and only if T’,(B) consists of one single 
component of tree class A,,. Now consider blocks of tame type. It is known that for 
quaternion defect groups all Auslander-Reiten components of T,(B) are tubes. Other- 
wise, we have: 
Theorem 3. Assume B is a block of KG and r, = I’,(B), and let K be algebraically 
closed. Then the following are equivalent: 
(1) r, is infinite and there is a component of tree class # A,. 
(2) r, has a non-periodic component, and all non-periodic components have tree class 
A,” or iI2 or D,. 
(3) The defect groups of B are dihedral or semidihedral. 
A block has a component with tree class A,, if and only if it is Morita equivalent o 
the group algebra of the Klein 4-group. Blocks with components of tree class D, are 
characterized by: 
Theorem 4. Assume B is a block of KG where K is algebraically closed. Then r, (B) has 
a component of tree class D, if and only tf the defect groups of B are semidihedral. 
If the field is not algebraically closed then C, or B, can occur, but only for blocks 
of tame type. Namely, if the field is extended, these split into components of tree class 
A,” or D,. I have been informed by K. Uno that these do occur. 
Section 1 contains Auslander-Reiten theory, and in Section 2 we summarize or 
prove some results on modules of p-groups. The essential part towards the proof of 
Theorem 1, namely for p-groups, is done in Section 3. In Section 4 we prove Theorem 
1 for the general case, and we deduce the other Theorems. 
As far as basic facts on group representations and Auslander-Reiten theory are 
concerned, we refer to [3,23]. 
1. Auslander-Reiten theory 
1.1. Assume K is an algebraically closed field and /1 is a finite-dimensional algebra 
over K. Suppose B, C are /i-modules and g : B -+ C is a n-homomorphism. Define g to 
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be irreducible if g is neither a split mono nor a split epi and if for any factorization 
g = g1g2 either g2 is a split epi or g1 is a split mono. We shall use the following 
(well-known) characterization of irreducible maps, which also has a dual. For the 
proof see [l; 2.71, see also [21]. 
Proposition. Suppose 
is an exact sequence which is non-split. Then the following are equivalent: 
(i) The map g is irreducible. 
(ii) Given a map a: A -+ X, there exists either a map s : X -+ B such that f = as, or 
a map t : B + X such that a = ft. 
1.2. From now we assume that n is self-injective. For n-modules X and Y we denote 
by 9(X, Y) the subspace of Hom,(X, Y) consisting of maps which factor through 
projective modules, and 
Hom,(X, Y):= Hom,(X, Y)/PP(X, Y). 
Recall that the stable category mod n is the quotient category of mod ,4 with 
morphism Horn ,,(X, Y). For /1 self-injective this is the same as the category 
mod n which is defined dually, and we will identify them. 
(a) Let CJ be the Heller operator, that is, for a n-module X, Q(X) is the kernel of 
a minimal projective cover. Moreover, R- ‘(X) is the cokernel of an injective hull. 
Since /i is self-injective, the operator Sz induces an equivalence of the stable category. 
(b) We have that 
Hom,,(X,Y)~Ext~(X,QY)rExt~(K’X,Y) 
since n is self-injective. 
1.3. (a) If 0 is an infinite component of r,(n) then 0 is z-periodic if and only 0 is 
a tube, and then the tree class is A,, see [14]. 
(b) Suppose ,4 is a symmetric algebra, then r z Q2, see for example [3] or [23]. 
1.4. We shall use certain additive functions on Auslander-Reiten components and 
associated trees. Suppose 0 is a connected component of the stable Auslander-Reiten 
quiver r,(n). 
(a) Fix some n-module W and define d,: 0 -P N by 
d,(M) = dim,m.(W, M). 
This was used in [lo]; and if no indecomposable summand of W belongs to 0 or 
Q(0) then d, is an additive function on 0 [lo; 3.21. That is, 
dw(M) + d,(rM) = d,(E), 
where E is the middle of the Auslander-Reiten sequence of M. 
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The same holds for dly which is defined by 
d;(M) = dimKm,,(M, W)( = dimKExtj(M, QW)). 
(b) Suppose Q’(W) r W and 0 is not periodic; let d = dl, or dw. Then we have 
that d(M) = d(tM) for any non-periodic module M, and hence d induces an additive 
function on the tree T of 0. Given 0, there is some W with dw # 0 and d;Y # 0; this is 
known, it follows also from 2.3 below. 
(c) If T z A,” (or D,) then d is constant (or constant on all modules with two 
predecessors). On the other hand, if T z A, and d is non-zero then d is unbounded 
(see [14] or [2; 2.30.51). We shall use this to distinguish tree classes. 
1.5. Proposition. Let A be a self-injective algebra and suppose that B, C are indecom- 
posable non-periodic, and 
(*) O-AL B9- C-O 
is non-split but not almost split, with g irreducible. Assume that there is a module V with 
V z tV such that 
(i) there is no monomorphism A -+ V, and 
(ii) there is some 4 : A + 52- ’ V which is not a monomorphism and does not factor 
through a projective module. 
Then the component of r,(A) containing C does not have tree class A,” or D,. 
Proof. Let 0 be the component of C, and suppose (for a contradiction) that the tree 
class is A,” or D,. We have V E tV; and 0 is non-periodic. Therefore dLv is an 
additive function on 0 which is constant, except possibly at the end (see 1.4). The 
hypotheses give that B, C must have at least two predecessors, and then it follows that 
dimExt’(B, V)=dimExt’(C, V). 
Now we claim that Ext’(g, V): Ext’(CV) + Ext’(B, V) is an isomorphism and 
Ext’ (f, V) = 0: The long exact sequence obtained by applying the functor (-, V) to (*) 
gives 
... + (A, V) + Ext’(C, V) + Ext’(B, V) + ... 
The map (1; V) is onto: Suppose a E (A, V), then a is not mono, so it follows from 1.1 
that a =ft for some t E (B, V). Hence by the exactness, Ext’(g, V) is one-to-one and 
then an isomorphism, by the dimensions. This implies that Ext’(f, V) = 0. 
Now consider the pull-back [+] E Ext’(A, V). Since $ is not mono, it factors 
through the canonical epimorphism a: A + (A/ker 4), say $J = a~. Then a is not 
mono; hence by 1.1 we must have that a = ft for some t : B + (A/ker 4). Now consider 
7 := tn, we have that fr = 4. Thus for the exact sequence we get that 
L-41 = Ext ’ (4 V) CYI 
and this is zero by the above. But then 4 factors through a projective module, 
a contradiction to the hypothesis. 0 
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1.6. For group algebras the tree class A, is preserved by inducing (and restricting) in 
the following situations (see also [15-J). 
Result. Suppose G is a finite group and H is a subgroup of G. Let 
. . . +x,+ ... -+x1-+x, 
be a sectional path in some component A of I’,(KH). Suppose also that there is 
a sectional path in some component 0 of T,(KG) 
. +M,+ ... +M,+M,. 
(a) Zf Xi is a direct summand of (Mi)H for all i and if A has tree class A, then 0 has 
tree class A,. 
(b) If Mi is a direct summand of (Xi)G for all i and if 0 has tree class A, then A has 
tree class A,. 
Proof. There is an indecomposable KH-module W with W z Q W and d,(X,) # 0, 
and then dw induces a non-zero additive function on A. 
If A has tree class A, then dw is unbounded and hence the numbers d,(Xi) are 
unbounded. Now dwC is an additive function on 0, and using the hypothesis, 
d,c(Mi) =dimHomG(W’, Mi) =dimHomH(W,(Mi)H) 
2 dim Horn H( W, Xi) = d,(Xi) 
and hence dwCT is unbounded on 0. So 0 has tree class A,. Part (b) is proved 
similarly. 0 
2. Some properties of p-groups and their representations 
Assume that G is a p-group and K is an algebraically closed with char K = p. Then 
n is a local symmetric algebra of dimension 1 G 1 and K is the only simple module. We 
will now summarize some homological properties of n-modules; details may be found 
in [2, 31 or [6,23]. 
2.1. (a) Given a KG-module M with a minimal projective resolution 
. . . -+P,+ ... +P,,-+M+O. 
Then the complexity c,(M) is defined to be the least integer s such that there is 
a constant K with dim P, I ten’- 1 for n > 0. It is true that cc(M) = 0 if and only if M is 
projective, and Q(M) = 1 if and only if M is periodic (modulo projective summands). 
We will use that if the dimensions of QkM are bounded then cG(M) I 1. 
(b) Suppose G is not cyclic or quaternion, and let M be periodic. Then dim M E 0 
(modp) (see for example [6; 7.73). 
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2.2. Let E be an elementary abelian p-group of order p’, then the group algebra KE is 
isomorphic to K [XI, . . . , X,1/(X?, 1 I i I r). A shifted subgroup of E is a group 
E’ c KE of the form E’= (1 -yi,..., 1 -ys) where yi ,...,y,EradKE are inde- 
pendent modulo rad’ KE. Such a group E’ is elementary abelian and can be extended 
to a maximal shifted subgroup E” of order p’. Then the subalgebra of KE generated by 
E” is isomorphic to the group algebra KE” and is equal to KE. Using this isomor- 
phism, inducing and restricting between shifted subgroups of E and groups G with 
E I G is defined. 
2.3. Assume that G is not cyclic, and let A be a non-projective A-module. Then there is 
an elementary abelian subgroup E of G such that the restriction As is not projective, 
by Chouinard’s Theorem [3; II, p. 1611. Moreover there is a shifted subgroup H of 
E of order p such that AH is not projective, by Dade’s Lemma [3; II, p. 1891. We fix 
such H and we denote by Mi the indecomposable KH-module of dimension i, for 
1 < i I p. Then there are integers ni 2: 0 such that 
AH %’ n1 MI 0 n2 M2 @ ... 0 n,M, 
and we have ni # 0 for some i < p. 
2.3.1. Fix some j < p, and set I/:= MT; then QV z MpG_j and 52’ V’Z I/. We claim 
that dimHom,(A, V) 2 cyr: ni( # 0): By the Shapiro Lemma [3; I, p. 421 we have 
Hom,(A, I’) z -,,(A, Mj) z C@ nimH(Mi, Mj), 
For each i, there is either an epi or a mono Mi --t Mj and this does not factor through 
a projective module if i < p. So for all i < p we have Hom.(M,, Mj) is non-zero. 
2.4. Lemma. Suppose G is a 2-group with a Klein 4-group P such that C,(P) I P. Then 
G is either dihedral or semidihedral. 
Proof. See [12; p. 41; 11; 5.4.51. 0 
3. The proof of the main theorem for p-groups 
3.1. Assume that A = KG where G is a p-group. We assume that G is not cyclic or 
dihedral, semidihedral or quaternion; that is, ,4 is not of finite or tame representation 
type. We may assume that K is algebraically closed: If O0 is a component of kG where 
k c K is a subfield then O0 @ K is a union of components of KG. If these have tree 
class A, then O0 also has tree class A,, see [3]. 
3.2. Suppose 0 is a component of r,(A), and we assume for a contradiction that the 
tree class of 0 is not A,. Then 0 is not periodic; and the tree class is A,” or D,. Take 
an incecomposable module C E 0 with two predecessors, and suppose that an arrow 
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ending at C corresponds to an irreducible epimorphisms. Hence there is a non-split 
exact sequence which is not almost split 
(*) O-,ALBAC+O, 
where A = kerg and f is an inclusion. Similarly if g: B -+ C is an irreducible mono 
then there is a non-split exact sequence which is not almost split 
O+B-B,CAA’+O, 
where A’ = coker g’ and f’ is a canonical epimorphism. Note that the modules A, A’ 
are indecomposable, this follows for example from 1.1 (and its dual). We consider ( *); 
the other case is dual. 
Our assumption shows that for modules I/ with Q-period I 2, one of 1.5(i), (ii) 
must fail. We will use this to derive a contradiction. 
Let H be a shifted subgroup of order p such that AH is not projective (see 2.3), and 
let 
AH = nlMl @ n2Mz 0 ... 0 n,M, 
as in 2.3. Fix j < p; and in the following we also fix the modules I/ = M,? and 
W = 52- ’ V, these have Q-period I 2. 
(1) We claim that dim A < dim A: Suppose not, then dim A 2 dim/i > dim V and 
dim A 2 dim A > dim W. So there is no mono A + V or A + W. Now consider 1.5. 
Since we assume that the tree class is A, or D, condition (ii) of 1.5 cannot hold, so 
Hom,(A, W) = 0; but this is a contradiction to 2.3. 
(2) For all k E Z we haoe dim @(A) < dim A: Since Q induces an isomorphism of 
the stable category mod A, we have that slk(A) is also kernel or cokernel of an 
irreducible map in the component QkO which has the same tree class as 0. Hence 
(2) follows from (1) (or the dual version) applied to Q”(A). 
(3) The module A is periodic, hence dim Q’(A) = 0 (mod p): The result of (2) shows 
that A has complexity 1, so A is periodic, see 2.1. 
(4) For all k E Z, the module Qk(A) has a simple socle and top: Suppose, say, that the 
top of Qk(A) is not simple, then in the projective cover P + Qk(A) we have 
dim P 2 2 dim A and dim Qk+ 1 (A) > dim A, a contradiction to (2). 
Now, dim A + dim QA = dim A, by (4). We may assume that dim A 2 (l/2) dim A, 
otherwise replace A by SZA. Similarly, at least one of V or W has dimension 
I (l/2) dim A, say dim V I (l/2) dim A. Then we have that 
dim V I (1/2)dimA I dim A. 
Consequently there is no monomorphism A -+ V, unless V r A and then p = 2. 
Case 1: Suppose there is no monomorphism A -+ V. By 2.3 we have that the 
dimension of Horn G(A, W) is at least C nj, and this is at least 2; otherwise we would 
have AH z Mj @ (projectives) and dim A would not be divisible by p, a contradiction 
to (3). So there are +1, & E (A, W) which are linearly independent in Horn ,(A, W). 
Since 1.5(ii) cannot hold, it follows that 4r, & are mono. Now the socle of A is simple, 
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SO there is some c E K such that #hi - c& is not mono; and then this map must be 
l-projective, by 1.5(ii). So $1 and & are linearly dependent modulo l-projective maps, 
a contradiction. 
Case 2: A z V and p = 2. Here we have A g KS where H is a shifted subgroup of 
order 2. Our aim is to show that G satisfies the conditions of 2.4, and then G is dihedral 
or semidihedral which is a contradiction. 
We note first that A g QA %I Q2 A, hence there is some p E HomK,(A, A) such that 
[,u] is an Auslander-Reiten sequence. Recall that [,u] generates the socle of 
Ext’ (A, A), as a module for End (A). 
We will use modifications of the arguments for the proof of 1.5. Consider the exact 
sequence (*) and apply (-, A). This gives 
... -(A, A) -+ Ext’(C, A) -+ Ext’(B, A)+ . . 
(5) We chim that Im(J A) = rad(A, A) and that ImExt’fS, A) = ([p]): Clearly 
Im(f; A) E rad(A, A) since (*) is not split and since (A, A) is a local ring. Suppose 
a E rad(A, A), then a is not mono and hence by 1.1 we have a = ft for some t E (B, A), 
which shows that a E Zm(L A). 
Now, A z TA and since 0 is not periodic, A( r GA) does not belong to 0. By 1.4 
we know therefore that dim Ext’ (C, A) = dim Ext’ (B, A); and hence by the exactness, 
Im Ext’(f, A) is l-dimensional. Therefore it must be the socle of Ext’ (A, A), and the 
statement follows. 
(6) Suppose 4: A -+ A is not mono. Then either [#I = 0, or else [+I is almost 
split: Consider the pull-back [d] E Ext’ (A, A). Since 4 is not mono, there is a factoriz- 
ation 4 = ay where a : A -+ (A/ker 4) is the canonical epi. By 1.1 we have a = ff for 
some t:B + (A/ker$). Let y = tv: B -P A, then fv = 4 and hence [d] = 
Ext’( f; V) [y]. By (5), [@] is a scalar multiple of [p], hence is an AR-sequence if 
non-zero. 
(7) We claim that dim Ext’ (A, A) = 2. By 2.3 we know that the dimension is at least 
Criii ni = n, # 0. This must be 2 2 since otherwise AH s Ml @ (projectives) and 
dim A would be odd, a contradiction to (3). Suppose 41, 42 : A + A are linearly 
independent in Hom(A, A); we must show that they are dependent modulo [p]. 
If, say, 41 is not mono then this holds by (7). Now suppose that @1 and & are both 
mono. The socle of A is simple, hence for some c E K, we have that 4 - c$~ is not 
mono, and by (6), C& - 4~1 E <[PI >. 
Using 2.3 we deduce that AH r 2M1 0 (projectives). 
Let E 5 G be a maximal elementary abelian 2-group containing H as a shifted 
subgroup. Then E must have order at least 4 since otherwise G would be cyclic or 
quaternion. Let Al = Ki, then A = A:. Consider AH = (AE)H. 
By the Mackey decomposition, AE is a direct sum of modules of the form 
and the sum is taken over representatives of the E, E double cosets in G. Take the 
summand with x E E; its restriction to H is isomorphic to Al IH z K @ K = 2M1. 
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So from above, if x$E then the corresponding summand is projective on restriction 
to H. 
Now take x E C,(E), then a summand for x is also isomorphic to 2M1 as an 
H-module, so it follows that x E E. Hence C,(E) < E, and by 2.4 we deduce that G is 
dihedral or semidihedral. 
This completes the proof. 
4. Proof of the theorems 
We shall first prove Theorem 1, for the general case. This is done by reducing it to 
p-groups. 
It is a result of [ 131 that the Auslander-Reiten sequence d(M) of an indecompos- 
able KG-module M has a vertex, as a short exact sequence, namely there is a 
p-subgroup Q of G such that d(M) is H-projective if and only if Q < G H. We shall 
need the following. 
4.1. Lemma. Suppose M is an indecomposable KG-module with vertex Q, such that 
vx d(M) = Q and G = Q&(Q). Then M belongs to a block with defect group Q, and the 
block is Morita equivalent to KQ. 
Proof. Let V E KQ-mod be a source of M, then I/ is clearly G-stable. 
First we claim that d(M) is isomorphic to a summand of &( V)G. Namely, suppose 
F is a short exact sequence of KQ-modules such that d(M) is a summand of 5’. By 
[13, (7.9)], d(M), is a direct sum of Auslander-Reiten sequences and split exact 
sequences. Now (SC), is a direct sum of sequence conjugate to 5 and it follows that 
Y ‘must be an Auslander-Reiten sequence and then it is necessarily d(V). 
We have that M, is a direct sum of copies of I/, say M, z al/; and suppose the 
multiplicity of M as a direct summand of I/ G is b. Since d(M) 1 d ( V)G we must have 
a = b, by [28, Remark 2.51, or it can be deduced from [13, (7.9)]. 
Such a module M with a = b must belong to a block with defect group Q; this 
follows from work in [20]: 
Let E = EndKG(VG) and A = End,,(V), then E is isomorphic to a twisted group 
algebra of the group X:= G/Q over A, and there is an algebra isomorphism 
o: E/rad(A)E -+ KX, with the group algebra of KX. Let {ei: i E I} be a full set of 
orthogonal primitive idempotents of E such that lE = Lie1 ei; then lKX = Cisl o(ei), 
and then {o(ei): i E Z} is a full set of orthogonal primitive idempotents of KX. 
By [20; 1.21 we have that VG g @ ( VG)e;, a decomposition into indecomposable 
direct summands, and ( VG) ei z ( VG) ej if and only if Eei g Eej as left E-modules. 
Moreover 
dimK (I’G)ei = (dim V) (rankA(Eei), 
which is equal to (dim V) (dim(KXo(ei)). 
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We apply this; we have M z (I”) ei for some i E 1, and then dim M = (dim V) 
(dimk KXo(ei)) and it follows that a = dimK KXo(ei). On the other hand, we deduce 
that b is equal to the multiplicity of KXo(ei) as a summand of KX. Now KXo(ei) is 
indecomposable projective, SO b = dimK Si where Si is the simple quotient of KXo (ei). 
We assume a = b and therefore KXo(ei) is simple. By [20; 2.21 we deduce that 
M belong to a block of KG with defect group Q. Now, this block is Morita equivalent 
to KQ, by [22; Theorem A(iv)]. 0 
4.2. Proof of Theorem 1. Assume B is a block of KG with defect group D, and assume 
that D is not cyclic or dihedral or semi-dihedral. Suppose 0 is a component of c(B); 
we may assume that 0 is non-periodic. Moreover, 0 must have infinitely many 
z-orbits, by [S, lo] Euclidean components occur only in blocks with Klein 4-groups as 
defect groups. Now we apply the vertex distribution theorem in [26]. This gives that 
there is an infinite sectional path in 0 
. . . +M, + . . . -+M,+M 
such that all modules Mi have the same vertex, Q say. This implies by [25] that also all 
Auslander-Reiten sequences d(Mi) have vertex Q. Clearly Q is not cyclic and not 
a Klein 4-group. 
(1) We may assume that Q is normal in G. Left fMi be the Green correspondent of 
Mi in Arc(Q), then d(fMi)’ E d(Mi) @ 8 for some split sequence 8 (see [4] or [13]), 
and we have a corresponding infinite sectional path in I’,(KN,(Q)). Let Di be the 
defect group of the block b containing the Green correspondents fMi. It is known 
that there is a defect group D of B such that D1 = DnNG(Q) and moreover 
Z(D) _< C,(Q) I Q I D1. Suppose D1 is dihedral or semidihedral. Then D1 c D and 
hence D1 c ND(Dl). Take g E N,(D,), then from the structure of D1 one sees that 
there is some x E D, such that gx normalizes Q, so gx E D1 and g E D1, a contradic- 
tion. 
Let K be a source of Mi in Q. Then we claim that d(M) is a direct summand of 
d ( Vi)‘. Fix i and let T be the inertia group of Vi in G. Then there is an indecompos- 
able KT-module M[ with vertex Q and source Vi such that MiG 1 Mi and then also 
I E SXI(M~)~, and moreover d(M[) has vertex Q, see [13; 7.7,7.8]. NOW it 
follows that d(Mi) is a summand of &(I’i)T, by the argument as in 4.1, and the claim 
follows. 
Hence there is a sectional path 
. . . -+ v, + ... + I/, --f v, 
in r,(KQ) in which all modules have vertex Q. We know that Q is not cyclic. If Q is not 
dihedral or semidihedral then by Theorem 1 for p-groups, the component has tree 
class A, and then by 1.6 the tree class of 0 is also A,, as stated. 
It remains to consider the case when Q is dihedral or semidihedral and then p = 2, 
and we must show that this is not possible. So assume for a contradiction that such 
a component exists. 
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Recall that Q has order 2 8. Let H = Q&(Q), then H is normal in G and the 
quotient G/H is a 2-group. There is an indecomposable KH-module Wi with 
WY 2 Mj and then since I is H-projective it follows that -QI(Mj) z LZZ’(W~)~, 
moreover ~(Wi)l.J;4(Vi)H. 
Let b be the block of KH containing the Wiy then b is Morita equivalent o KQ, by 
4.1. Hence the component of Wi has tree class A,” or D,, see for example [7], and 
hence 0 also has tree class A,” or D,, by 1.6. On the other hand, G/H is a 2-group, 
and since b is Morita equivalent o KQ it follows that the block B is Morita equivalent 
to KD. But D is not dihedral or semidihedral (nor cyclic). Hence by Theorem 1 for 
p-groups, T,(KD) does not have a component of tree class # A,, a contradiction. 0 
4.3. Proof of Theorems 2-4. We consider Theorem 2. The equivalence of (3) and (4) is 
now well-known, see for example [73; and it is trivial that (2) implies (1). Assume (3) 
holds. By Theorem 1 all non-periodic components have tree class A,, and there are 
always non-periodic components, since there are non-periodic modules in B. Hence 
(2) holds. 
(1) * (4). Suppose r, has a non-periodic component, then the defect groups are not 
cyclic or quaternion. By [7] if a defect group of B were dihedral or semidihedral then 
al components would have tree class A, or D,. 
Theorem 3 combines Theorem 2 and known facts on components for blocks of 
tame type, see [7], Moreover, Theorem 4 follows now from Theorem 1 and results on 
tree classes for blocks with semidihedral defect groups, see [7]. q 
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